We derive the quadratic action of the fluctuations around the classical world sheet underlying the jet quenching from AdS/CFT. After obtaining the correspondence partition function, the expansion of the jet quenching parameter of N = 4 super symmetric YangMills theory is carried out to the sub-leading term in the large 't Hooft coupling λ at a nonzero temperature. The strong coupling corresponds to the semi-classical expansion of the string-sigma model, the gravity dual of the Wilson loop operator, with the sub-leading term expressed in terms of functional determinants of fluctuations. The contribution of these determinants are evaluated numerically. We find the jet quenching parameter is reduced due to world sheet fluctuations by a factor (1 − 1.97λ −1/2 ).
Introduction
One of the main purposes of the heavy-ion collision experiments is to explore the QCD phase diagram and the properties of new state of matter created through collisions at high energy density. The experimental program at the Relativistic Heavy Ion Collider (RHIC) in Brookhaven National Laboratory has led to strong evidences that this new state of matter is in the deconfinement phase of QCD, but behaves very differently from a free gas of partons. The name "strongly coupled quark-gluon plasma (SQGP)" was given to this matter because of several striking experimental discoveries. Firstly, the measured elliptic flow data can be well described by hydrodynamical models only with very low shear viscosity, suggesting that SQGP resembles a nearly perfect liquid. Secondly, due to the interaction with the medium, high energy partons traversing the medium are strongly quenched. This phenomenon is usually characterized by the so-called jet quenching parameter (or transport coefficient)q, which describes the average transverse momentum square transferred from the traversing parton, per unit mean free path [1, 2] . There are still some model-dependent uncertainties on the extracted values data of the transport coefficient from heavy-ion collisions, ranging from 1 → 25GeV 2 /f m [3, 4] , which is considerably larger than those from perturbative QCD estimation [5, 6] , higher values demand additional non-perturbative mechanisms. Therefore, it is of great importance to get further information on the possible values ofq in the strong coupling limit. The conventional nonperturbative first principle tool namely lattice QCD, cannot be applied for this purpose, which requires real-time dynamics.
A prominent implication of the AdS/CFT duality [7] [8] [9] [10] is the correspondence between the type IIB superstring theory formulated on AdS 5 × S 5 and N = 4 supersymmetric YangMills theory (SYM) in four dimensions. In particular, the supergravity limit of the string theory corresponds to the leading behavior of SYM at large N c and large 't Hooft coupling λ ≡
α ′2 with L the AdS radius and α ′ the reciprocal of the string tension. This relation thereby provides a powerful tool to explore the strongly coupled QGP created in RHIC in spite of its underlying dynamics, QCD, is different from N = 4 SYM. It is expected that some of the properties of the latter is universal for all strongly interacting system. Computationally, AdS/CFT correspondence translates the quantum field theory of supersymmetric Yang-Mills theories at strong 't Hooft coupling and large number of colors N c into a classical field theory in a gravitational background. The AdS/CFT correspondence has been successfully applied into the RHIC physics, including the thermodynamical the transport properties of sQGP. One of the celebrated finding is the universal value of the ratio between the shear viscosity and the entropy density, η/s = 1 4π , for quantum field theories admitting a holographic description. It was further conjectured that η/s ≥ 1 4π for all matters. See [11] for a review on the subject and the references therein. The RHIC data of the viscosity ratio is compatible with this lower bound. In addition, the entropy density of a N = 4 SYM plasma normalized by its StefanBoltzmann limit equals to 3/4 [12] , which is close to the corresponding quantity extracted from lattice QCD.
Motivated by these similarities, Liu, Rajagopal and Wiedemann(LRW) computed the jet-quenching parameter of a N = 4 SYM plasma with the aid of AdS/CFT correspondence. The Eikonal approximation relates the jet quenching parameter with the expectation value of an adjoint Wilson loop W A [C] with C a rectangular contour of size L × L − , where the sides with length L − run along the light-cone and the limit L − → ∞ is taken in the end [13] . Under the dipole approximation, which is valid for small transverse separation L, the jet-quenching parameterq defined in Ref. [1] is extracted from the asymptotic expression for T L << 1
with T the temperature and the prefactor W 0 independent of L. The correspondence principle relates < W A [C] > to the quantum effective action of a type IIB superstring in AdS 5 × S 5 with a black hole. In the strong coupling limit, the action is proportional to the minimum area of the string world sheet in the AdS 5 bulk spanned by the C at the boundary. They find that [14] q (0)
Interestingly the magnitude ofq
SY M turns out to be closer to the value extracted from RHIC data [15, 16] than pQCD result for the typical value of the 't Hooft coupling, λ ≃ 6π, of QCD. This proposal has attracted lots of interest. Alternately, the energy loss and jet quenching problem was also studied from a drag force on the brane by several authors [17] [18] [19] [20] [21] . Their extracted jet quenching parameter is also proportional to √ λT 3 but with a smaller coefficient (by 20 percent).
The LRW formula is strictly valid only when the 't Hooft coupling constant goes to infinity and large N c limit. However, with a finite value of λ and the N c = 3, an understanding of how these computations are affected by finite λ corrections may be essential for more precise theoretical predictions. There are two sources of contributions to finite λ corrections: 1) The string theory corrections of the AdS-Schwarzschild background where the world sheet underlying the jet quenching Wilson loop is embedded.
2) The fluctuation of the world sheet itself. The former has been calculated in [22] and it amounts to multiplyq (0) SY M by a factor 1 − 1.765λ −3/2 . The parallel correction within the framework of the drag force has also been figured out in [18] , and has been found to enhance the jet quenching parameter. The latter contribution, that from the fluctuations, however, is of the order O(λ −1/2 ) and thereby dominates the former. But it is much harder to evaluate. It is the purpose of the present paper to determine this contribution and we obtain the corrected jet-quenching parameter
with the value of κ κ ≃ −1.97.
The paper is organized as follows. In the next section, we will derive the partition function with the world fluctuations. We will present our analytical study and numerical results in section 3 and section 4 respectively. The section 5 concludes the paper along with some discussions of the result and some open issues. Some calculation technique details are presented in the appendixes.
The one loop effective action
It follows from the AdS/CFT correspondence that the expectation value of a Wilson loop of the N = 4 SYM in the fundamental representation of the gauge group is related to the path integral of a type IIB superstring in a 10-dimensional spacetime that is asymptotically AdS 5 × S 5 , i. e. [23, 24] . The semiclassical approximation of the effective action S eff. reads
where 
with L the distance between the two lines and T the temperature.
To figure out S 1 [C], we need to expand S[X, θ] to the quadratic order around the classical solutionX and θ = 0. To the same order of λ, the 10-dimensional metric takes the form of Schwarzschild-AdS 5 × S 5
where f = 1 − r 4 h r 4 , dΩ 5 is the line element on S 5 and x ± corresponds to the light-cone coordinates on the boundary (r → ∞). In the last step of (2.5), we have introduced the compact notation of the target spacetime coordinates
with Ω 5 the set of five coordinates on S 5 . The bosonic part of (2.2) S B [X] is the Nambu-Goto action of a 2d world sheet embedded in the target spacetime, given by
where g is the determinant of the induced 2d metric 
where θ andθ are two 16 × 1 Majorana-Weyl spinors in the target spacetime and
with Γ a (a = 0, 1, 2, 3, 4) the 16 × 16 Gamma matrices satisfying
and η = diag(−1, 1, 1, 1, 1). The higher powers of θ has been ignored and the bosonic coordinates in S F [θ] has been approximated by the classical solution. The Majorana condition relates θ andθ viaθ =θC × C (2.12)
with C the 4 × 4 charge conjugation matrix. The κ-symmetry of the original fermionic action up the the order θ 2 in the Schwarzschild AdS 5 × S 5 background has been employed to reduce the fermionic degrees of freedom by half. We refer the interested readers to [26] for the detailed reduction for the present application. It is a straightforward generalization of the κ-symmetry in the AdS 5 × S 5 background [27] [28] [29] .
The classical world sheet corresponds tō
and θ = 0 with the function x 2 given implicitly by
where of the classical word sheet onto S 5 is a point. The induced world sheet metric 17) and the world sheet scalar curvature reads 18) and one can readily verify that
The classical action reads
whose ǫ 2 term of the Taylor expansion gives rise to (1.2) following the definition (1.1)
Because the metric of the classical world sheet (2.16) is space-like, its Nambu-Goto action and the quadratic action of the fluctuations around it
Bosonic fluctuations
Among five fluctuation coordinates within Schwarzschild-AdS 5 sector, only three of them are physical and the rest two correspond to a world sheet diffeomophism. This can be made explicit be projecting δX onto the funfbeins E's, i.e. z a ≡ E a µ δX µ (a = 0, 1, 2, 3, 4) and to retain only the transverse fluctuations z 0 and z 1 and z 2 . As the longitudinal fluctuations z 3 and z 4 contribute only zero modes of the quadratic action, it is more convenient to work within the static gauge, δX − = δX 4 = 0, through a superposition of the transverse and longitudinal ones. Then G µν is independent of δX and we have
Upon the parametrization
and δΩ 5 = δ s with s = 1, ..., 5 with χ s the five tangent coordinates in the neighborhood of the classical point. Expanding the bosonic action (2.7) with √ −g = −g τ τ g rr + g 2 τ r to the quadratic order in δX µ , we find that
The diagonal masses in (2.27) and (2.28) read
and
(2.31)
Notice the negative sign in front of the terms quadratic in ξ.
Fermionic fluctuations
To simplify the fermionic action (2.9), we take the representation
with γ a 4 × 4 gamma matrices satisfying
Upon a similarity transformation θ = V ψ with
we have
where
with the world sheet zweibines and spin connections given by
The fermionic action in terms of ψ reads then
The next step is to decompose the 16 × 1 ψ into eight world sheet Majorana fermions. This is accomplished with the representation
with σ i (i = 1, 2, 3) Pauli matrices. It follows that
and χ ±s 's are two component Majorana fermions. In summary, the explicit form of the fluctuation action reads
given by (2.27), (2.28), (2.29) and (2.42). The partition function of the fluctuations is defined to be the path integral of
and the effective action up to one-loop order reads
As was pointed out in [30] , the classical world sheet underlying (1.2) is the saddle point of the Nambu-Goto action. Therefore the bosonic part of the path integral (2.45) is problematic. In particular, the path integral
with A ξη defined in (2.28) does not exist for a real and positive α ′ because of the negative eigenvalues of A ξη . In order to make the leading order term (1.2) stable and to make the one-loop correction to be computed below meaningful, we define the path integral (2.45) for α ′ > 0 as an analytical continuation from an imaginary α ′ . In terms of the spectrum of A ξη , {ω n }, and α ′ = is with s > 0, the path integral (2.47) becomes
with the plus(minus) sign corresponding to a positive(negative) ω n . Though we are not able to come up with a physical interpretation of this procedure, we observe that the sign ambiguity associated to the continuation of the square root √ s = √ −iα ′ from the imaginary α ′ back to a real and positive one may be removed by renormalizing (2.45) by its value at ǫ = 0. This amounts to subtracting from (2.46) the one-loop effective action of two isolated light-like straight lines. Since the jet quenching parameter comes from the ǫ 2 term of the Taylor expansion of (2.46), this renormalization is unnecessary for our purpose. Choosing the constant in front of the path integral of (2.45) appropriately, we end up with
and the finite 't Hooft coupling correction to the jet quenching parameter comes from the ǫ 2 term of the Taylor expansion of
where L − defines the domain of τ , i.e. 0 < τ < L − . Because of the cancelation between bosonic and fermionic degrees of freedom, S eff is at most logarithmically divergent. The coefficient of the divergence takes the invariant form
It is shown in the appendix A that c 1 = 0 as expected. While c 2 = 0 in the static gauge, this is not bothering because of (2.19) for the world sheet under consideration. We will not address the subtleties brought about by the world sheet boundary [31] but are content with an explicit demonstration that the one loop correction to the jet quenching coefficient is indeed divergence free in the next section.
The formula for κ
In this section, we shall transform the effective action (2.46) into the form suitable for the numerical calculations described in the subsequent section. In the course of the reduction, we shall demonstrate explicitly that the correction to the jet quenching parameter is free from both ultraviolet and infrared divergence. It is convenient to work with the new coordinates
where the section x 2 > 0(the upper branch of FIG.1 ) of the world sheet is mapped to 0 < ρ < ∞ and the section x 2 < 0(the lower branch of FIG.1) to −∞ < ρ < 0. We have
for large r and
for r near the horizon. So the two branches of r to ρ mapping join smoothly at ρ = 0. In terms of the coordinates (t, ρ), the world sheet metric takes the conformal form
The corresponding zweibines and spin connections read
The functional operators underlying the determinants in (2.46) becomes
The partition function becomes then
Upon a Fourier transformation in t, we find that 12) and z = 13) where the functional operators
with
Taking the square of D ± (ω), we find
where V ± is the 2 × 2 matrix that diagonalizes the matrix √ 1 + ǫ 2 σ 3 ∓ iǫσ 2 and
Replacing the ρ in D 3 (ω) by −ρ, we can get D ′ 3 (ω) and therefore detD 3 (ω) = detD ′ 3 (ω). The scaling factors e −2φ , e −φ , e φ of (3.13) cancel in the ratio of determinants of (3.12). Consequently
with L − ′ = r h √ 1+ǫ 2 L − the length of the domain of t. It follows that
Since Z(ω) is an even function of ǫ, we have the Taylor expansion
It is the second integral that contributes to the correction to the jet quenching parameter. Hence, the strong coupling expansion of the jet quenching parameter can be written aŝ
The formulae of a(ω)
The function a(ω) corresponds to ln Z(ω) at ǫ = 0 and we have
a(ω) can be factorized as a product of determinant ratios, which can be evaluated by the Gelfand-Yaglom method [32] [33]. We give a brief introduction here. The examples of its application to other Wilson loops can be found in [34] [35] [36] [37] . Consider two functional operators 27) with n = 1, 2, defined in the domain a ≤ x ≤ b under the Dirichlet boundary condition, the determinant ratio
where f n (x|a) is the solution of the homogeneous equation 29) subject to the conditions f n (0|a) = 0 and f ′ n (0|a) = 1. In terms of a pair of linearly independent solutions of (3.29), (η n , ξ n )
where the Wronskian W [η n , ξ n ] is x-independent. For our problem, we have 
We have C 0 (ω) = 1 and the rest of C α (ω)'s satisfy
It follows from (3.26), (3.28) and (3.30) that
The asymptotic forms of C 1 (ω), C 2 (ω) and C 3 (ω) for large ω and small ω can be determined analytically. We find
34) as ω → ∞ and
as ω → 0. The details of the derivation are shown in the appendices B and C. It follows from (3.33) that the integration over ω is convergent.
The formulae of b(ω)
With a nonzero ǫ, the Gelfand-Yaglom method becomes complicated as the differential equations of ξ and η are coupled, but we could employ the perturbation theory to calculate b(ω). From (3.19), we have
where D ± (ω) is given by (3.17) and D ξη (ω), D 1 (ω), D 0 (ω) are given by (3.14). For convenience, we denote
with D 3 (ω) and D ′ 3 (ω) given by (3.18) and D 2 (ω) given by (3.15). The next step is to expand Z ξη (ω) and Z ± (ω) to the 2nd order in δD ξη (ω) and δD ± (ω). The 1st order terms do not contribute because trδD ξη (ω) = trδD ± (ω) = 0. Consider first the Z ξη (ω)
Likewise,
One can readily verify that at ǫ = 0
where a(ω) has been discussed in the previous section. It then follows from (3.22) that
where the Green functions
In terms of the solutions defined in (3.31), we find
2ω (ρ) (3.46) for ρ ′ < ρ, where the dependence on ω is indicated explicitly. In what follows, we shall suppress the superscripts and denote u (1) αω (ρ) by u αω (ρ) for α = 1, 2. It follows from the symmetry of their differential equations that u (2) αω (ρ) = u αω (−ρ). Substituting (3.45), (3.46) into (3.43), we have
The process to calculate δZ ± (ω) is similar to the δZ ξη (ω) part, here we just show the result
where u 3ω (ρ) and v 3ω (ρ) stand for u
3 (ρ) and u
3 (ρ) defined in (3.31). Applying (3.47),(3.48) into (3.42), we find 
and similarly
Consequently, the leading terms of the two integral in 
The numerical calculations
In this section, we present the numerical calculations of a(ω) and b(ω). Consider the equation
where V refers to the potential of the Schrodinger like equation D i u = 0, (i = 1, 2, 3). To avoid the exponentially growing behavior, we factor out e ωρ and set u(ρ) = η(ρ)e ωρ , then the equation (4.1) becomes
which is suitable for the numerical calculations, then coefficients, C 1 (ω), C 2 (ω), C 3 (ω) together with the solutions η i (ρ) can be obtained from the equation (4.2) . This method has been employed recently in Ref [35] and [36] .
We start from the negative value of ρ with |ρ| >> 1, where these Schrodinger like equations take the asymptotic forms
At ρ = −K (K >> 1 is a large cutoff, and K → ∞). We can find the solutions of (4.3)
It follows from η(ρ) = e −ωρ u(ρ) that
which serve as the initial conditions for the numerical solutions. Then we run the forth order Runge-Kutta algorithm all the way to ρ = K. There, we can find the approximate solutions as well (See appendix C for details), from which C 1 (ω), C 2 (ω) and C 3 (ω) are extracted with the formula
(4.7)
The numerically generated C 1 (ω), C 2 (ω) and C 3 (ω) for large ω and small ω read
Comparing the above behaviors with (3.34) and (3.35), we find that the numerical results are in agreement with the analytical ones. Coming back to (3.25) , owning to the evenness in ω, we have
Having obtained the numerical values of C 1 (ω), C 2 (ω), C 3 (ω), the integration of The function b(ω) can be divided into two parts
where b 1 (ω) and b 2 (ω) are the 1st and the 2nd double integrals on RHS. In terms of the numerical values of C 1 (ω), C 2 (ω) and C 3 (ω) and the corresponding solutions η iω (ρ) at each and the integral is carried out analytically. We find 
The physical significance of κ will be discussed in the next section.
Concluding remarks
The jet quenching is an important signal of the quark-gluon plasma created via heavy ion collisions. At the energy scale of RHIC, the QCD running coupling constant is not weak, the perturbative analysis may not be appropriate, nor the lattice is available. In terms of the QCD running coupling constant g QCD and α QCD = g 2 QCD 4π , the 't Hooft coupling λ QCD = 4πN c α QCD = 12πα QCD and is strong when α QCD = O(1). This motivates the application of AdS/CFT to the N = 4 super Yang-Mills plasma as an important reference. To the leading order of large N c and strong 't Hooft coupling λ, the jet quenching parameter in the super Yang-Mills plasma has been calculated. The sub-leading term in the strong coupling expansion, which dominates the O(λ −   3 2 ) term in the literature, is provided in this paper. To figure out the leading order correction, we have expanded the Nambu-Goto action around the word sheet underlying the order jet quenching in the quadratic order in the fluctuation coordinates and carried out. As the leading order world sheet is a saddle point of the Nambu-Goto action, we defined the one loop effective action as an analytical continuation from a path integral with an imaginary string tension, from which the correction is extracted. The resultant effective action is expressed in terms of ratios of determinants and is shown explicitly to be divergence free. The reason for the absence of UV divergence can be attributed to the the metric (2.5) solves the 10d supergravity equation of motion [25] . The numerical computation of the determinant ratios yields the result (1.4). The negative sign of κ is consistent a monotonic behavior from strong coupling to weak coupling. For α SY M = 1/2 and N c = 3, we have λ = 18.8, which gives rise to 32% reduction ofq SY M from the leading order amount.
The jet quenching parameter has also been calculated within the AdS/CFT correspondence via the dragging force with a slightly different outcome to the leading order. As this calculation also involves the minimum area under the Nambu-Goto action, it remains to examine the order λ − 1 2 along this line. This discrepancy from the experimental result may also stem from other difference between QCD and the super Yang-Mills at large N c and large 't Hooft coupling, such as finite N c and infrared cutoff of the former. We hope to report our progress in this regard. of (2.51). The world sheet curvature does not contribute in this case and we may work in an cartesian frame in the neighborhood of each point, σ 0 ≡ (r 0 , τ 0 ). To make all path integrals meaningful, we shall start with an imaginary α ′ in accordance with the discussion following (2.49). 1. The ζ modeŜ
Making a Fourier expansion
where Ω is the area covered by the cartesian frame at σ 0 , then
with p ′ extending to half momentum space.
On writing
and the constant does not contribute toq. So the mass induced logarithmic divergence
2. The ξ and η modes
Making a Fourier transformation
we find
Then the mass induced logarithmic divergence
It follows that the coefficient of the total logarithmic divergence due to the mass terms of the bosonic fluctuations
Fermionic modes
The operator (2.42) can be related to a massive Dirac operator of in a 2D curved space and a U (1) gauge potential, i.e.
where the mass m = 1 and the covariant derivative
with the 2D gamma matrices γ 0 = σ 1 , γ 1 = −σ 3 and the gauge potential A τ = ±i ǫ √ 1+ǫ 2 e 0 τ , A r = 0. As is in a flat 2D space, the gauge potential does not contribute to the UV divergence. Therefore, the UV divergence of the fermionic effective action in (2.49)
is the same as
where A is obtained from A ± with the covariant derivative replaced by
We have
It follows that the coefficient of the logarithmic divergence is given by 25) which cancel the bosonic contribution.
B The large ω behavior
In this appendix, we present the details of the derivation of C 1 (ω), C 2 (ω), C 3 (ω) at a large and positive ω.
We start with the 2nd order ordinary differential equations
Next, we find the WKB approximation large ω
. By choosing appropriate sign and the integration constant ρ 0 in each case, we may find the large ω approximations of the specific solutions u
α and u (2) α defined in (3.31). In particular, we have u
and u
Thus, we find that
as ω → ∞. The final results in terms of the Gamma functions are obtained by transforming the integral with respect to ρ back to that with respect to r according to (3.2) .
solutions take the approximate forms
following (C.1) and (C.3). All these solutions grows exponentially as ρ → ∞. The reason why u 3 (ρ) and u ′ 3 (ρ) share the same coefficient of exponentially growing follows from the fact that u ′ 3 (−ρ) is the kernel of D 3 and its Wronskian with u 3 (ρ) is independent of ρ. Matching the approximate solutions of (C.10) and (C.11), we find that If −ρ 0 < ρ < ρ 0 , the solutions u 1 , u 2 , u 3 and v 3 of the integrand may be approximated by the kernels of (C.4). Otherwise, the asymptotic forms (C.8) or (C.11) are substituted for ρ < −ρ 0 or ρ > ρ 0 . It follows from the approximate solutions in the appendix C that 
Upon multiplication with C ′ s, we find that 
